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DISCRETIZED SUM-PRODUCT FOR LARGE SETS
CHANGHAO CHEN
Abstract. Let A Ă r1, 2s be a pδ, σq-set with measure |A| “ δ1´σ
in the sense of Katz and Tao. For σ P p1{2, 1q we show that
|A`A| ` |AA| Ç δ´c|A|,
for c “ p1´σqp2σ´1q
6σ`4 . This improves the bound of Guth, Katz, and
Zahl for large σ.
1. Introductions
Erdo˝s-Volkmann [4] showed that for any σ P r0, 1s there exists a
subgroup of reals with Hausdorff dimension σ, and they conjectured
that this property does not hold for subring of reals. Precisely the
Erdo˝s-Volkmann ring conjecture claims that there does not exists a
subring of reals with Hausdorff dimension strictly between zero and one.
Edgar and Miller [3] first proved this ring conjecture via the orthogonal
projections of fractal sets. A slightly later Bourgain [1] independently
proved the Erdo˝s-Volkmann ring conjecture via the discretized ring
conjecture (discretized sum-product) of Katz and Tao [10].
Discretized sum-product also has many other applications. For in-
stance it is closely related to Falconer distance sets problem and the
dimension of Furstenburg sets, see Katz and Tao [10] for more de-
tails. Bourgain [2] showed a different approach for the discretized sum-
product, and given applications in the projections of fractal sets and
Fourier analysis. For the applications of the discretized sets to pro-
jections of fractal sets see He [9], Orponen [12] and reference therein.
For the applications of discretized sum-product to the Fourier decay of
measures see Li [11].
We note that Bourgain [1, 2] does not produce an explicit bound.
Recently Guth, Katz, and Zahl [7] given a short proof of the dis-
cretized sum-product theorem, and they showed an explicit bound for
the discretized sum-product theorem. They [7] used some ideas from
Garaev [6] and applied some discretized version of arguments from ad-
ditive combinatorics.
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We show some notation of Katz and Tao [10] first. Let ε, δ be small
and positive parameters. We use f Æ g to denote |f | ď Cǫδ´Cǫ|g|,
f Ç g if g Æ f , and f « g if f Æ g and g Ç f . We say that a subset
A Ă R is called δ-discretized if A is the union of intervals of lengths
« δ. For a positive constant M we say that a subset A Ă p´M,Mq is
a pδ, σq-set if it is δ-discretized, and one has
|A XBpx, rq| Æ δpr{δqσ
for all δ ď r ă 1 and x P R.
We note that a pδ, σq-set here may have much smaller measure than
δ1´δ. However we ask that any pδ, σq-set has positive measure to avoid
to be an empty set.
We remark that the pδ, σq-set can be considered as the discrete ap-
proximation of set in R at scale δ. Suppose that F is a compact subset
of R. For each k P Z let
Ik,δ “ rkδ, pk ` 1qδs,
and Fδ be the union of the interval Ik,δ which intersects F , that is
Fδ “
ď
kPZ,FXIk,δ‰H
Ik,δ.
In many cases, the set Fδ is a pδ, σq-set for some 0 ď σ ď 1. Here
the parameter σ is often related to the “fractal dimension” of F . For
instance if F is the classical Cantor ternary set, then for any 0 ă δ ă 1
the set Fδ is a pδ, log 2{ log 3q-set. Indeed this follows from Falconer [5,
Chapter 3], which shows that the box dimension of the Cantor set is
log 2{ log 3. We remark that there are various dimensions in fractal
geometry, we refer to [5] for more details.
The above argument shows that the pδ, σq-set in Rd is also important
for understanding the structure of set in Rd. However in this project
we consider pδ, σq-set on the line R only.
Let A,B Ď R. The sum sets of A and B is defined as
A`B “ ta ` b : a P A, b P Bu,
and similarly the product sets of A and B is defined as
AB “ tab : a P A, b P Bu.
Using the above notation, Bourgain’s discretized sum product the-
orem claims that for a pδ, σq-set A Ă r1, 2s with 0 ă σ ă 1 and the
measure |A| “ δ1´σ, there exists a constant c “ cpσq ą 0 such that
|A ` A| ` |AA| Ç δ´c|A|.
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Under the same condition, Guth, Katz, and Zahl [7] proved that for
any c ă σp1´σq
4p7`3σq one has
|A ` A| ` |AA| Ç δ´c|A|.
By adapting the arguments of Garaev [6], Guth, Katz, and Zahl [7], and
the bilinear bound of Bourgain [2, Theorem 7], we obtain the following.
Theorem 1.1. Let σ P p1{2, 1q and A Ă r1, 2s be a pδ, σq-set with
measure |A| “ δ1´σ. Then
|A` A| ` |AA| Ç δ´ p1´σqp2σ´1q6σ`4 |A|.
Note that for any 1{2 ă σ ă 1, Theorem 1.1 gives a non-trivial
lower bound. Furthermore for σ ą
?
226´10
9
“ 0.5703 . . ., Theorem 1.1
improves the bound of Guth, Katz, and Zahl [7].
2. Preliminaries
We use #S to denote the cardinality of set S. Let X, Y, Z Ă R be
finite sets with Z ‰ H, then the Ruzsa triangle inequality claims that
#pX ` Y q ď #pX ` Zq#pZ ` Y q
#Z
.
See [13, Chapter 2] for a proof and many other useful sum sets esti-
mates.
We need the following well known discretized version of Ruzsa trian-
gle inequality. Our proof is based on Guth, Katz, and Zahl [7, Proof of
Corollary 2.3], Orponen [12, Remark 4.40]. For many other discretized
version of sum sets estimates see He [8], Tao [14].
We show a geometric observation first. Let S Ă R be the union of
disjoint intervals with length Ç δ. Then for all 0 ă c ă 10 we have
(1) |S `Bp0, cδq| Æ |S|.
Here we can change the parameter 10 to any other fixed positive con-
stant.
Lemma 2.1. Let A,B,C Ă R be δ-discretized sets. Then
|A `B| Æ |A` C||C `B||C| .
Proof. With out losing general we may assume that each interval of
A,B and C has length at least δ. In the end we change the estimate
! to Æ, and this does not change our result.
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For any set S Ă R let Sδ “ pδ{3qZ X S. For any a P A, b P B there
exists a1 P Aδ, b1 P Bδ such that
|a` b´ a1 ´ b1| ď δ.
It follows that
(2) A `B Ă Aδ `Bδ `Bp0, δq Ă A`B `Bp0, 2δq.
Combining with (1) we obtain
|A`B| ! #pAδ `Bδqδ ! |A `B|.
Applying Ruzsa triangle inequality to sets Aδ, Bδ, Cδ and applying (2)
to A` C and C `B we obtain the result. 
Lemma 2.2. Let A Ă r0, 2s be a δ-discretized set, and the union of the
intervals of A are pairwise disjoint. Then for any t P r0.5, 2.1s and any
x P r´δ, δs we have
|A` tA| Æ |A` pt` xqA| Æ |A ` tA|.
Proof. For any t P r0.5, 2s, x P r´δ, δs and a, b P A we have
|pa` tbq ´ pa` pt ` xqbq| ď 2δ,
and hence
A` tA Ă A` pt` xqA `Bp0, 2δq Ă A` tA `Bp0, 4δq.
Combining with (1) we finish the proof. 
Let f : RÑ R be a function. The Fourier transform of the function
f at ξ P R is defined as
pfpξq “ ż
R
ep´xξqfpxqdx,
where throughout the paper we denote epxq “ e2πix. Let µ be a measure
on R. The Fourier transform of the measure µ at ξ P R is defined as
pµpξq “ ż ep´xξqdµpxq.
For a subset S Ă R we will also use S to denote the characteristic
function of S. Let A,B Ă R be two bounded sets. The convolution of
A and B is defined as
pA ˚Bqpxq “
ż
R
Apx´ yqBpyqdy.
The (additive) energy of A,B is defined as
(3) EpA,Bq “
ż
R
pA ˚Bqpxq2dx “
ż
R
| pApξq|2| pBpξq|2dξ.
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The second equality holds by applying the Plancherel identity and con-
volution theorem. Clearly we haveż
R
pA ˚Bqpxqdx “ |A||B|.
By Cauchy-Schwarz inequality we obtain
(4) p|A||B|q2 ď EpA,Bq|A`B|.
We will frequently use the Plancherel identity for a set. Precisely for
a bounded subset S Ă R we have
(5)
ż
R
|pSpξq|2dξ “ |S|.
We formulate the following version of Bourgain [2, Theorem 7]. Note
that the interval r0, 4s is not essential, in fact Lemma 2.3 holds for any
bounded interval.
Lemma 2.3. Let µ, ν be probability measures on r0, 4s such that for all
δ ă r ď 1 and all x P R,
µpBpx, rqq Æ K1rα and νpBpx, rqq Æ K2rβ.
Then for 1 ď |ξ| ď δ´1 we haveż
R
ˇˇˇ
ˇ
ż
R
ep´xyξqdµpxq
ˇˇˇ
ˇ dνpyq ÆaK1K2 |ξ|´α`β´12 .
We remark that the statement of [2, Theorem 7] gives a bound forˇˇˇ
ˇ
ż
R
ż
R
ep´xyξqdµpxqdνpyq
ˇˇˇ
ˇ .
However the proof of [2, Theorem 7] (see [2, (8.3)]) indeed works for
the bound ż
R
ˇˇˇ
ˇ
ż
R
ep´xyξqdµpxq
ˇˇˇ
ˇ dνpyq,
which is used for bounding (22) below. Moreover the term
?
K1K2
appears, since the using of Cauchy-Schwarz inequality in the proof
of [2, Theorem 7].
In particularly we have the following version for pδ, σq-sets which is
easier for our using.
Lemma 2.4. Let 0 ă α, β ă 1. Let A Ă r0, 4s and B Ă r0, 4s be
pδ, αq-set and pδ, βq-set respectively. Then for any 1 ď ξ ď δ´1 we haveż
A
ˇˇˇ
ˇ
ż
B
ep´xyξqdx
ˇˇˇ
ˇ dy Æ |ξ|´α`β´12 δ 2´α´β2 a|A||B|.
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Proof. For A we define a measure µ by letting
µpXq “ |X X A||A| for X Ă R.
By the condition that A is a pδ, αq-set we obtain
(6) µpBpx, rqq Æ rαδ1´α|A|´1 for δ ď r ď 1.
Similarly for B we define a measure ν by letting
νpXq “ |X X A||A| for X Ă R,
and we have
(7) νpBpx, rqq Æ rβδ1´β |B|´1 for δ ď r ď 1.
Clearly we haveż
A
ˇˇˇ
ˇ
ż
B
ep´xyξqdx
ˇˇˇ
ˇ dy “ |A||B|
ż
A
ˇˇˇ
ˇ
ż
B
ep´xyξqdµpxq
ˇˇˇ
ˇ dνpyq.
Then Lemma 2.4 and estimates (6), (7) give the result. 
3. Proof of Theorem 1.1
By adapting the arguments in Guth, Katz, and Zahl [7] and espe-
cially in Garaev [6] we obtain the following.
Lemma 3.1. Let 0 ă σ ă 1. Let A Ă r1, 2s be a pδ, σq-set with measure
|A| “ δ1´σ. Then there exists a pδ, σq-set T Ă r0.4, 2.1s with measure
|T | Ç |A|
2
|AA|
such that for any t P T we have
|A` tA| Æ |A` A|
2|AA|
|A|2 .
Proof. Let D “ ta1, . . . , aNu be a maximal δ-separated subset of A,
i.e., any two distinct elements of D has distance at least δ, furthermore
for any a P A there exists ai P D such that |a´ ai| ď δ. Note that
(8) N « δ´σ,
and for all δ ď r ď 1 and x P R,
(9) # pD XBpx, rqq Æ
´r
δ
¯σ
.
Let
fpxq “
Nÿ
i“1
1aiApxq.
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Then we have
(10)
ż
R
fpxqdx “
Nÿ
i“1
|aiA| ě N |A|,
and
(11)
ż
R
fpxq2dx “
ÿ
1ďi,jďN
|aiA X ajA|.
By Cauchy-Schwarz inequality we arrive
(12)
ˆż
R
fpxqdx
˙2
ď
ż
R
fpxq2dx |tx P R : fpxq ą 0u| .
Observe that
tx P R : fpxq ą 0u Ă AA.
Thus together with (10), (11), and (12), we obtainÿ
1ďi,jďN
|aiAX ajA| ě N
2|A|2
|AA| .
Thus there exists 1 ď j0 ď N such thatÿ
1ďiďN
|aiAX aj0A| ě
N |A|2
|AA| .
Let
P “ t1 ď i ď N : |aiAX aj0A| ě
|A|2
2|AA|u.
Then ÿ
iPP
|aiAX aj0A| ě
N |A|2
2|AA| .
Taking dyadic decomposition for |aiAX aj0A| with i P P , we obtain
Kÿ
k“1
2´k#Pk "
ÿ
iPP
|aiAX aj0A| ě
N |A|2
2|AA| ,
where
Pk “ ti P P : 2´k´1 ă |aiAX aj0A| ď 2´ku,
and K is an integer parameter such that
2´K´1 ă |A|
2
2|AA| ď 2
´K .
Since the product set AA is a subset of r1, 4s, we have |AA| ! 1. It
follows that
K ! log
ˆ
1
δ
˙
.
8 C. CHEN
Thus there exist τ and Dτ Ă P such that
τ#Dτ Ç
Kÿ
k“1
2´k#Pk " N |A|
2
|AA| ,
and for any i P Dτ we have
(13) τ ď |aiAX aj0A| ď 2τ.
Since τ ď |A| and #Dτ ď N , we obtain
(14) τ Ç |A|
2
|AA| ,
and
(15) #Dτ Ç N |A||AA| .
Now we intend to bound the measure of the set aiA` aj0A for each
i P Dτ . For this purpose we introduce some notation first.
For each k P Z let Jk,δ “ rkδ, pk ` 1qδq. For each 1 ď i ď N let
Ui “
ď
kPZ, aiAXJk,δ‰H
Jk,δ.
Note that
(16) aiA Ď Ui Ď aiA`Bp0, δq,
and the intersection Ui X Uj is a δ-discretized set for 1 ď i, j ď N .
Moreover for each i P Dτ by (13), (14) we have
(17) |Ui X Uj0 | ě |aiAX aj0A| Ç
|A|2
|AA| .
For any i P Dτ applying Ruzsa triangle inequality Lemma 2.1 for the
sets aiA, aj0A and Ui X Uj0, we derive
(18) |aiA` aj0A| Æ
|aiA ` Ui X Uj0 ||Ui X Uj0 ` aj0A|
|Ui X Uj0|
.
By (16) we have
aiA` Ui X Uj0 Ď aiA` aiA`Bp0, δq.
Since 1 ď ai ď 2 and the simper fact (1) we obtain
|aiA` Ui X Uj0 | ! |A ` A|.
Similarly, we have
|aj0A` Ui X Uj0| ! |A` A|.
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Combining with (17) and (18) we arrive
|aiA` aj0A| Æ
|A` A|2|AA|
|A|2 .
Applying Lemma 2.2 we obtain that for any i P Dτ and x P p´δ, δq
we have
|A` pai{aj0 ` xqA| Æ
|A` A|2|AA|
|A|2 .
Let
T “
ď
iPDτ
Bpai{aj0 , δ{2q.
We ask that δ is a small positive parameter, and hence T Ă r0.4, 2.1s.
Furthermore, the estimates (8), (15) imply
|T | " #Dτδ Ç |A|
2
|AA| .
By (9) we obtain that T is a pδ, σq-set which finishes the proof. 
Applying Lemma 2.4 we obtain the following upper bound of the
mean value of energies EpA, tAq.
Lemma 3.2. Fix 1{2 ă σ ă 1. Let T Ă r0.4, 2.1s be a pδ, σq-set
with the measure |T | ě δ. Let A Ă r1, 2s be a pδ, σq-set with measure
|A| “ δ1´σ. Thenż
T
EpA, tAqdt Æ |A|3|T |
´
|A| 2σ1`2σ |T |´ 11`2σ ` δp|A||T |q´1
¯
.
Proof. For each t P R and ξ P R we havextApξq “ t pAptξq.
Thus by (3) and the condition T Ă r0.4, 2.1s we conclude thatż
T
EpA, tAqdt !
ż
T
ż
R
| pApξq|2| pAptξq|2dtdξ.(19)
Let 0 ă L ă 1{δ be a parameter which will be determined later.
We decompose R into three parts, and then bound (19) by three cor-
responding parts. Precisely,
(20) (19) ! I0 ` I1 ` I2
where
I0 “
ż
T
ż
|ξ|ďL
| pApξq|2| pAptξq|2dtdξ,
I1 “
ż
T
ż
Lď|ξ|ďδ´1
| pApξq|2| pAptξq|2dtdξ,
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and
I2 “
ż
T
ż
|ξ|ěδ´1
| pApξq|2| pAptξq|2dtdξ.
For I0, we use the trivial bound | pApξq| ď |A|, and we obtain
(21) I0 ď |A|4|T |L.
For I1, clearly the trivial bound | pApξq| ď |A| gives
(22)
ż
T
| pApξtq|2dt ď |A| ż
T
| pApξtq|dt.
Applying Lemma 2.4, and the condition |A| “ δ1´σ, we obtainż
T
| pApξtq|dt Æ |A|3{2|T |1{2|ξ|´p2σ´1q{2.
Thus we arrive
(22) Æ |A|5{2|T |1{2|ξ|´p2σ´1q{2.
Combining with Fubini’s theorem and the condition σ ą 1{2, we have
I1 Æ |A|5{2|T |1{2
ż
Lď|ξ|ďδ´1
| pApξq|2|ξ|´p2σ´1q{2dξ
Æ |A|5{2|T |1{2L´p2σ´1q{2
ż
Lď|ξ|ďδ´1
| pApξq|2dξ.
Plancherel identity (5) impliesż
Lď|ξ|ďδ´1
| pApξq|2dξ ď |A|.
Thus we arrive
(23) I1 Æ |A|7{2|T |1{2L´p2σ´1q{2.
Now we optimize the choice of the parameter L to find the smallest
upper bound for the parts I0, I1. Recalling that we ask 0 ă L ă
1{δ. In the end, the parameter L0, which makes the right hand sides
of (21), (23) “comparable”, satisfies our need. Thus we derive
(24) L0 “ p|A||T |q´1{p1`2σq.
Indeed the conditions |A| “ δ1´σ, |T | ě δ, and 1{2 ă σ ă 1, imply that
L0 ď δ´1. It follows that
(25) I0, I1 Æ |A|4|T |L0 Æ |A|3|T |p|A| 2σ1`2σ |T |´ 11`2σ q.
Now we turn to the estimate for I2. By changing variables and
applying the Plancherel identity we obtainż
R
| pAptξq|2dt ď |A||ξ|´1.
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Again by applying the Plancherel identity we have
I2 ď
ż
|ξ|ěδ´1
| pApξq|2|A||ξ|´1dξ ! |A|2δ.
Combining with (20), (21), (24), (25), we obtain the desired bound. 
Now we turn to the proof of Theorem 1.1. Suppose that
maxt|A ` A|, |AA|u “ K|A|.
By Lemma 3.1 there exists a pδ, σq-set T Ă r0.4, 2s such that
(26) |T | Ç |A|{K,
and for each t P T we have
(27) |A` tA| Æ K3|A|.
Applying Lemma 3.2 to A and T , we conclude that there exists a t0 P T
such that
EpA, t0Aq À |A|3
´
|A| 2σ1`2σ |T |´ 11`2σ ` δp|A||T |q´1
¯
.
By (4) and estimates (26), (27), we obtain that
|A| Æ
´
|A| 2σ1`2σ |T |´ 11`2σ ` δp|A||T |q´1
¯
|A` t0A|
Æ |A| 2σ´12σ`1 |A|K 6σ`42σ`1 ` |A|´1δK4.
It follows that
K Ç mintδ´ p1´σqp2σ´1q6σ`4 , δ´ 2σ´14 u.
Note that for 1{2 ă σ ă 1 we have
p1´ σqp2σ ´ 1q
6σ ` 4 ď
2σ ´ 1
4
,
and hence
K Ç δ´ p1´σqp2σ´1q6σ`4 ,
which gives the result.
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